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Abstract: Different problems in epidemiology and demography can be con-
sidered as solution of inverse problem, when using observed data one estimates
the process caused the data. Examples are estimation of infection rate on dy-
namics of the disease, estimation of mortality rate on sample of survival times,
estimation of survival in wild on survival in laboratory. Specific property of
inverse problem - instability of solution is discussed, procedure for stabilization
is presented. Examples of morbidity estimation on incomplete data, HIV in-
fection rate estimation on dynamics of AIDS cases and estimation of survival
function in wild population on survival of captured animals are presented.
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1.1 Introduction

Interpretation of observations in different disciplines of life science can be con-
sidered as a solution of mathematical inverse problem. Examples are epidemi-
ology, demography and biodemography. The important in epidemiology indica-
tors such as prevalence of a disease and incidence of it are related by cause-effect
relationship. This means that the process of a disease occurrence in formal way
causes process of accumulation of the disease cases in population. The other ex-
ample is relationship between rate of infection and the number of corresponding
diagnosed cases. In demography cause-effect relationship exists between mor-
tality and survival processes. Mortality process ’make influence’ on survival in
population.

In all these examples the value of the ’effect’ can be estimated on popu-
lation observations while the direct estimation of the ’cause’ is impossible or
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needs great funds. On the other hand information about the ’cause’ often is
important for better understanding of the phenomenon investigated and math-
ematical methods for estimation of ’cause’ on ’effect’ data are needed. The
report describes mathematical formulations of the ’cause-effect’ problem, diffi-
culties of estimation of the ’cause process’ on population data and a procedure
elaborated to overwhelm them. Three examples with results of calculations
are presented: estimation of morbidity on the results of incomplete follow-up,
estimation of HIV infection rate on the dynamics of AIDS cases, estimation of
survival in wild population on survival of captured animals in laboratory.

1.2 Mathematical formulation

Many problems from epidemiology and demography can be written as a rela-
tionship between unobserved process Ψ(x) and observed process U(x) in form

U(x) = AΨ =
b∫

a

K(x, t)Ψ(t)dt, (1.1)

where A is integral operator given by a kernel function K(x, t), which is defined
by the nature of the problem investigated. More detail consideration for this
function is given bellow. The main property of the equation (1.1) with continues
kernel is that exact solution is unstable in respect to small variations in the
observed function U(x). In mathematical terms this means that there exists
a sequence of functions δU such that the sequence of corresponding solutions
of equation (1.1) δΨ = A−1δU do not tend to zero while the sequence δU
tends to zero. Such problems are called ill-posed problems by Tikhonov and
Arsenin (1977). In practical applications this means that a small disturbance
in observations U can lead to big disturbance in the exact solution A−1U . Such
property is well known in numerical solution of large sets of linear equations.
In this case A is a matrix such that matrix AT A has small eigen value, which

means that the inverse matrix
(
AT A

)−1
has large eigen value and disturbance

in the solution Ψ =
(
AT A

)−1
AT U is high. Often the sensitivity of the system

is so high that even machine arithmetic errors are enough to change the solution
Ψ dramatically.

To obtain the stable solution for the equation (1.1) one is to put additional
restrictions to the solution. Tikhonov and Arsenin (1977) proposed to put such
restrictions by minimizing on Ψ a functional

‖U −AΨ‖2 + αΩ (Ψ) , (1.2)
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where Ω (.) > 0 is a stabilization functional, defined such that for any constant C
the set {Ψ : Ω(Ψ) ≤ C} is a compact set, α is a positive stabilization parameter.
Optimal value for α depends on the level of disturbance δ in observed data U .
It is proved that if δ2/α → 0 while δ → 0 and α → 0, then minimizer of (1.2) Ψα

tends to the exact solution of equation (1.1). The problem of proper selection
value for stabilization parameter α if level of disturbance δ does not tend to
zero is still a challenging task. Different approaches and methods described in
Evans and Stark (2002) including cross-validation and Bayesian approaches.

The different approach to stabilization parameter selection is based on esti-
mate for mathematical expectation for quadratic functional value minimized on
finite sample, which is described in Michalski (1987). For solution Ψα, which
minimizes functional ‖U −AΨ‖2 + α ‖BΨ‖2 for α such that m > 2TrAα, with
probability no less than 1-η the inequality is valid

EY,U ‖Y −AΨα‖2 <
‖U −AΨα‖2

1− 2TrAα/m
+ const +

√
const

η
. (1.3)

Here U , Y – independent realizations of size m, generated from the same distri-

bution, A, B – matrixes, Aα = A
(
AT A + αBT B

)−1
AT . The left side of (1.3)

is the mean value of disagreement between possible vectors of experimental and
predicted data. To get it small one can use for stabilization parameter α value,
which minimizes expression Iα = ‖U −AΨα‖2 / (1− 2TrAα/m). The quantity
‖U −AΨα‖2 is a square residual for empirical data. It is interesting to note
that cross-validation criterion takes form Icv

α = ‖U −AΨα‖2 / (1− TrAα/m)2.
For small amount of data it is demonstrated in Michalski (1987), that criterion
Iα produces better results than criterion cross-validation Icv

α .

1.3 Estimation of morbidity on the results of incom-
plete follow-up

In Michalski et al. (1996) considered a problem of estimation morbidity on data
of irregular health examinations. This problem leads to solution of a matrix
equation

AΨ = U

with U - proportion of diagnosed cases among observed people by years of
investigation, Ψ - probability for healthy person to become sick by years. A
is a triangular matrix with 1 at the main diagonal and elements aij equal to
proportion of people, examined in the year i and been healthy before, among
those, who skipped the examination in the year j after the last examination.
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In the case of a complete follow-up study the matrix A is the identity matrix
and the morbidity estimate for different years are just the ratio between the
number of cases and the number of people, examined in the same year.

Stabilization of the matrix equation was made by minimization (1.2) with
stabilization functional Ω(p) = ‖BΨ‖2 = ΨT BT BΨ , B is matrix with two non
zero diagonals. It holds -1 at the main diagonal and 1 at the second. This
structure of stabilization functional reflects the hypothesis, that the morbidity
will not change significantly in consequent years.

The described approach was applied in Michalski et al. (1996) for estima-
tion of malignant neoplasm (ICD9 140-208) morbidity among participants in the
clean-up operations after the accident on the Chernobyl Nuclear Power Station
in 1986. The value for stabilization parameter αwas selected using described
above criterion Iα. Estimates show, that observed morbidity increases in time
with higher rate than the real, unobserved one, because of ’morbidity accu-
mulation’ effect among people skipping regular examinations. The described
approach adjusts estimates for this effect.

1.4 Estimation of HIV infection rate on the dynam-
ics of AIDS cases

Large latent period between HIV infection an AIDS manifestation makes it dif-
ficult to judge about the amount of HIV infected people in population. Specific
expensive surveys of risk groups are needed to get reliable information about
HIV prevalence. Implementation of inverse problems approach can help to es-
timate the number of HIV infected people from dynamics of AIDS cases, which
is reported for the health care system needs. The number of people infected by
HIV in year t at age x Ψ(t, x) is related with the number of AIDS diagnoses in
year t at age x U(t, x) by integral equation

U (t, x) =
x∫

0

L (x, s) exp

− x∫
s

µc (t− x + τ, τ) dτ

 Ψ(t− x + s, s) ds (1.4)

where µc(t, x) – mortality in year t at age x, L(x, s) – probability density func-
tion for distribution of AIDS diagnoses age x if at age s a person was infected
with HIV. Age specific mortality supposed to be known from national data,
function L(x, s) can be estimated from the clinical data and data about AIDS
cases among patients which were infected with HIV during blood transfusion.
The most common models for L(x, s) are exponential, Weibull, Markov chain
model. Write equation (1.4) in matrix form
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U = AΨ,

where U and Ψ are vectors composed by values of functions U(.) and Ψ(.) for
corresponding birth cohorts, A - block-diagonal matrix composed by triangular
matrixes with elements for k-th cohort

ak
ij =


0 sj > xk

i

β(tki , x
k
i )L(xk

i , sj) exp

− xk
i∫

sj

µc (dk + τ, τ) dτ

 sj ≤ xk
i

.

To stabilize solution of (1.4) the stabilization functional was used in form

‖Y −AΨ‖2 + αΩ (Ψ)

with Ω (Ψ) =
∑
k

1
mk

mk∑
j=2

(
Ψk

j −Ψk
j−1

)2
. The stabilized solution takes form

Ψα =
(
AT A + αD

)−1
AT Y,

matrix D - block-diagonal matrix composed by three diagonal matrixes. For
k-th cohort the matrix holds 2/mk at the main diagonal, −1/mk at the other
two diagonals and 1/mk as the first and the last elements of the matrix.

Results of HIV infection rate from AIDS diagnoses dynamics estimation on
simulated data are presented. Stabilization parameter value was selected using
described criterion Iα.

1.5 Estimation of survival in wild population on sur-
vival of captured animals in laboratory

A specific problem arises in connection with investigation of life span in wild
populations of different spices. A problem how to estimate survival curve in wild
population of flies is considered in Muller et al. (2004). A portion of wild flies
were cached and kept in laboratory in conditions similar to conditions in wild
nature. Survival curve was calculated for cached cohort and some mathematical
technique is to be applied to produce survival curve for wild population. This
is typical inverse problem. If laboratory conditions do not change survival of
fly then survival in laboratory Slab(.) is related with survival in wild stable
population Swild(.) by integral equation
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Slab(x) =
1
e0

ω∫
x

Swild(y)dy (1.5)

where ω is maximum life span, e0 is life expectancy in wild population. By
differentiating the last equation on x one obtains equation

Swild(x) =
d
dxSlab(x)
d
dxSlab(0)

.

One can estimate numerically the derivative from survival function in laboratory
and calculate fron it Swild(x). This is done in Muller et al. (2004).

The other possibility is to solve numerically equation (1.5) itself. The cor-
responding matrix equation is

AX = Sl (1.6)

where X = 1
e0

Sw, Sw and Sl are vectors of values of survival functions observed
daily in wild and in laboratory populations respectively, A– triangular matrix
with 0 bellow the main diagonal and 1 at the other places. Solution of the system
(1.6) was stabilized as described above. Results of estimation with simulated
and real data are presented. Stabilization parameter value was selected using
described criterion Iα.
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