
Multi-state model for prostate cancer development 
 

Michalski A.I.  
Institute of Control Sciences, Russian Academy 

of Sciences 
Moscow, Russia 

ipuran@yandex.ru  

Zharinov G.M. 
Russian Research Centre for Radiology and Surgical 

Technologies  
St. Petersburg, Russia

 
 

Abstract—Prostate cancer development is considered as jumps 
between states with different PSA levels. The moments of jumps 
are unobserved. Likelihood for observed trajectories is derived 
for censored times of transitions in the presence of two competing 
risks of death. Maximum likelihood estimates for transition 
intensity matrix calculated using real data about 1981 males. 
Expected times spent at different states are estimated. The 
proportions of these times in total life expectancy are estimated 
as well. 
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I. INTRODUCTION 
Multi-state models are often used in investigations of 

epidemiological processes and processes of health changes [1]. 
The structure of such models ranges from a “simple” “illness-
death” model with one absorbing terminal state [2] till the 
complex models with many states, corresponding to different 
states of the disease progression, and several absorbing states, 
reflecting competing risks of different causes of death. 
Mathematical background for multi-state modeling is 
continuous-time Markov chains, which are described in terms 
of transitions intensity matrix [3].  

Estimation of a transition intensity is simple if one observes 
the time of transition. The maximum likelihood estimate for 
stationary transition intensity is given in this case by the 
number of transitions divided by the time, spent at the initial 
state. In reality observations of transition times are censored 
and one is to apply different approaches for transitions intensity 
matrix estimation [4]. 

II. MODEL FOR PROSTATE CANCER 
The report presents a multi-state model which describes 

prostate cancer development based on the observations of 1981 
males aged from 39 till 89 years. Mean age at the start of 
observation was 65.0 years, mean duration of observation was 
4.0 years and did not exceed 26 years. In this group 613 cases 
of prostate cancer death and 170 cases of death of other causes 
were registered. Mean age at prostate cancer death was 67.6 
years, mean age at death of other causes was 76.0 years. Three 
states of the multi-state model were determined by the level of 
PSA at the moment of investigation. The states were “normal” 
(PSA≤4ng/mL), “upper norm” (4ng/mL<PSA≤40ng/mL) and 
“high risk” (PSA>40ng/mL). Two absorbing states were 
included in the model, corresponding to prostate cancer death 

and death of cause different from prostate cancer. Transition to 
any absorbing state was allowed from any alive state. 
Transitions between states “normal” and “high risk” were 
allowed only via state “upper norm”.  

Likelihood function for presented data was constructed as a 
product of probabilities to observe personal trajectories of 
transitions between states. Probability of a given trajectory was 
calculated as product of conditional probabilities to observe a 
person at the two successive times in the two fixed states. 
Given the transitions intensity matrix these probabilities are 
calculated as solutions of Chapman-Kolmogorov equations 
with different initial conditions. If the last observed state was 
absorbing one the last term in the product was calculated as 
sum of products between conditional probabilities to get the 
‘alive’ state from the previous one and corresponding transition 
intensity to the absorbing state. This reflects the hypotheses 
that the time of death was reported without censoring. 

III. RESULTS 
Maximum likelihood estimates for transitions intensity 

matrix are presented in table I. These intensities were used for 
estimation of expected time, spent in the three ‘alive’ states and 
life expectancy for a person, observed in the specific state. The 
estimates are shown in table II. For a person, observed in the 
specific state, the proportion of life expectancy, spent in the 
different states, was calculated and are shown in table II.  

From the table II one can see that a man with “normal” 
PSA level not exceeding 4ng/mL may have such PSA level 
during 3.7 years in average. After this period a person either 
get higher PSA level or die of prostate cancer or die of other 
cause of death. Estimates in table I show that chances for these 
two last events are equal. 

 A man with PSA level ranges from 4ng/mL till 40ng/mL 
may stay in this state 1.3 years in average and after this he 
takes one of four options. A man can get lower PSA level, can 
get higher PSA level, can die of prostate cancer or can die of 
other cause of death. Estimates in table I show that the chances 
to get the “normal” PSA level are more that two times higher 
the chances to develop the disease state, which corresponds to 
“high risk” PSA level. Chance of death of prostate cancer 
increases almost twice in comparison with the “normal” PSA 
level state while death of other cause of death has the same 
likelihood.  
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The average time spent in the state with PSA level higher 
then 40ng/mL is estimated as 1.6 years and it is close to the 
average time spent in the previous state. Chance to return to the 
state with lower PSA level is approximately 6% higher than 
chance to die of prostate cancer, which is almost 5 times higher 
than that in the previous state. Chances of death of other cause 
is stay the same as in two previous states. 

In addition to expected time period spent in the state, table 
II presents life expectancy for a person with given PSA level. 
The difference between these two times, presented in table II, is 
that the last includes time period spend in any not absorbing 
state. The life expectance decreases with increase of PSA level 
and equals 14.1 years for people with initial PSA level not 
exceeding 4ng/mL, 12.6 years for people with initial PSA level 
in range 4- 40ng/mL and 8.2 years for people with initial PSA 
level higher then 40ng/mL. The last means that high PSA level 
is attributed to loss of approximately 40% of life expectancy at 
advanced age.   

Table III presents the composition of life expectancy by 
time, spent in different states. One can see that men, which had 
initial PSA level not exceeding 4ng/mL, spent in average 71 % 
of their life span having the same level of PSA, 21%  with PSA 
level in range 4- 40ng/mL and 8% with PSA level higher then 
40ng/mL. Men, which had initial PSA level in range 4- 
40ng/mL spent in average 55 % of their life span having lower 
level of PSA, 38% of the life span they have the same level of 
PSA, and 45% of the life span they have PSA level higher then 
40ng/mL. Those men, which had initial PSA level higher then 
40ng/mL spent in average half of their life span having level of 
PSA not exceeding 4ng/mL, 22% of the life span they have 
PSA level in range 4- 40ng/mL, and 28% of the life span they 
have PSA level higher then 40ng/mL. 

IV. DISCUSSION 
The data analyzed in this report are rather heterogeneous. 

The age at which a person enters the observation is between 39 
and 89 years. The ages at which persons enter states with 
different levels of PSA are different as well. This means that 
estimated values of transition rates are not accurate and reflect 
only general trends in health state changes. Nevertheless these 
trends are meaningful. The mortality rate of death of other than 
prostate cancer is estimated as 0.02(1/year) and it does not 
depend on the level of PSA. The mortality rate of death of 
prostate cancer increases with increase of PSA level, which 
shows that level of PSA is the reliable indicator for progression 
of prostate cancer.  

Future life expectancy among men with “normal” level of 
PSA at the beginning of the observation period is estimated to 
be 14.1 years while age adjusted future life expectancy for men 
of the same ages in Russia is approximated by 12.3 years. 
These calculations are based on the data provided by Human 
Mortality Database [5]. Such difference shows the necessity to 
incorporate age dependence in the rates of transitions to the 
absorbing terminal states. Future life expectancy among men 
with PSA level in range 4-40ng/mL at the beginning of the 

observation period is close to age adjusted future life 
expectancy for men of the same ages in Russia. This shows that 
increase in risk of death attributed with high level of PSA is 
close to increase in risk because of aging. For men with PSA 
level higher then 40ng/mL future life expectancy is 
approximately 30% lower than age adjusted future life 
expectancy for men of the same ages in Russia. This 
demonstrates that the high level of PSA is more “risky” for life 
than ageing. 
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TABLE I.  MLE ESTIMATES FOR TRANSITIONS INTENSITY MATRIX 
(1/YEAR) 

PSA level (ng/mL) 
 

≤4 4-40 >40 

PSA level ≤4 (ng/mL) 
-0.27 0.49 --- 

PSA level 4-40 (ng/mL) 
0.22 -0.75 0.34 

PSA level >40 (ng/mL) 
--- 0.19 -0.64 

Death of prostate cancer 
0.02 0.05 0.27 

Death of other cause 
0.02 0.02 0.02 

TABLE II.  TIME TO STAY IN STATE AND LIFE EXPECTANCY (YEARS) 

PSA level (ng/mL) 
 

≤4 4-40 >40 

Expected time to stay in state  3.7 1.3 1.6 

Life expectancy 14.1 12.6 8.2 

TABLE III.  EXPECTED LIFE SPAN, SPENT IN DIFFERENT STATES (YEARS) 

PSA level (ng/mL) 
 

≤4 4-40 >40 

PSA level ≤4 (ng/mL) 10.0 (71%) 6.9 (55%) 4.1 (50%) 

PSA level 4-40 (ng/mL) 3.0 (21%) 4.8 (38%) 1.8 (22%) 

PSA level >40 (ng/mL) 1.1 (8%) 0.9 (45%) 2.3 (28%) 

TOTAL 14.1 (100%) 12.6 (100%) 8.2 (100%) 
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